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Abstract 

Borchers has shown that in a translation covariant vacuum representation 
of a theory of local observables with positive energy the following holds: The 
(Tomita) modular objects associated with the observable algebra of a fixed 
wedge region give rise to a representation of the subgroup of the Poincare group 
generated by the boosts and the reflection associated to the wedge, and the 
translations. We prove here that Borchers' theorem also holds in charged sec- 
tors with (possibly non-Abelian) braid group statistics in low space-time dimen- 
sions. Our result is a crucial step towards the Bisognano-Wichmann theorem 
for Plektons in d = 3, namely that the mentioned modular objects generate a 
representation of the proper Poincare group, including a CPT operator. Our 
main assumptions are Haag duality of the observable algebra, and translation 
covariance with positive energy as well as finite statistics of the sector under 
consideration. 



Introduction 

Borchers has shown [3] that in a theory of local observables, which is translation co- 
variant with positive energy, the modular objects associated with the observable alge- 
bra of a (Rindler) wedge region and the vacuum state have certain specific commuta- 
tion relations with the representers of the translations. Namely, these commutation 
relations manifest that the corresponding unitary modular group implements the 
group of boosts which leave the wedge invariant, and that the corresponding mod- 
ular conjugation implements the reflection about the edge of the wedge. Borchers' 
theorem has profound consequences. For example in two-dimensional theories it 
means that the modular objects generate a representation of the proper Poincare 
group, under which the observables behave covariant, and implies the CPT theorem. 
In higher dimensions, it is a crucial step towards the Bisognano-Wichmann theorem 
in the general context of local quantum physics [4,7,9,23,25,30,33]. This theorem 
asserts that a certain class of Poincare covariant theories enjoys the property of 
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modular covariance, namely that the mentioned unitary modular group coincides 
with the representers of the boosts, and that the modular conjugation is a CPT 
operator (where 'PT' means the reflection about the edge of the wedge). 

The hypothesis under which Borchers' theorem works is the double role played 
by the vacuum vector within a theory of local algebras: The vacuum is cyclic and 
separating for the local algebras, and it is invariant under the positive energy rep- 
resentation of the translation group under which these algebras are covariant. In a 
charged sector, i.e., a non- vacuum representation of the observables, this situation 
is not given. (This problem has been posed by Borchers in [5, Sect. VII. 4].) In the 
case of permutation group statistics, one can use the field algebra instead of the 
observable algebra to recover the result. However, in low-dimensional space-time 
there may occur superselection sectors with braid group statistics [17,20]. Then 
only in the Abelian case there is a field (C*) algebra for which the vacuum is cyclic 
and separating. In the case of non-Abelian braid group statistics, there is no such 
field algebra. Due to this complication, a general result corresponding to Borchers' 
theorem has not been achieved yet. In the present article, we prove an analogue of 
Borchers' theorem for a superselection sector corresponding to a localizable charge. 
The implementers of the boosts and the reflection which we find are the relative 
modular objects associated with the observable algebra of the wedge, the vacuum 
state and some specific state in the conjugate sector. We assume that the observable 
algebra satisfies Haag duality, see Eq. ([7]), and that the sector under consideration 
has finite statistics and positive energy, and is irreducible. We also need a slightly 
stronger irreducibility property (jl2p . which may be ensured by requiring for example 
Lorentz covariance or the split property. We consider charges which are localizable 
in space-like cone^, and admit the case of non-Abelian braid group statistics which 
can occur in low space-time dimensions, d = 2 and 3. 

It must be noted that in two dimensions, our result is already practically covered 
by the work of Guido and Longo [21]. Namely, they show how a certain condition of 
modular covariance in the vacuum sector allows, under the same hypothesis as in the 
present article, for the construction of a (ray) representation of the proper Poincare 
group in charged sectors. But in two dimensions, their modular covariance condition 
is satisfied due to Borchers' theorem (in the vacuum sector), so their analysis goes 
through, even in sectors with Braid group statistics. However, it must be noted that 
in d = 2 the assumption of Haag duality excludes some massive models with braid 
group statistics as e.g. the anyonic sectors of the CAR algebra [1], and together 
with the split property for wedges (expected to hold in massive models) excludes 
localizable charges altogether [28]. 

Our result shall be used to derive the CPT and Bisognano-Wichmann theo- 
rems for particles with braid group statistics in three-dimensional space-time [29]. 
It would be gratifying to extend our analysis to soliton sectors in 2 dimensions, 
which would extend the range (and simplify the proof) of Rehrens' CPT theorem 
for solitons [31] . 

space-like cone is, in d > 3, a convex cone in Minkowski space generated by a double cone 
and a point in its causal complement, and in d = 2 the causal completion thereof, which is a wedge 
region. 
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1 General Setting, Assumptions and Results 

We consider a theory of local observables, given by a family of von Neumann algebras 
Ao{0) of operators acting in the vacuum Hilbert space Ti.o, indexed by the double 
cones O in Minkowski space, and satisfying the conditions of isotony and locality: 

C A(02) if Oi C O2 and C ^(^2)' if d C O'^, 

where the prime denotes the commutant or the causal complement, respectively. 
The vacuum Hilbert space TCq carries a unitary representation Uq of the group of 
space-time translations with positive energy, i.e. its spectrunH lies in the forward 
light cone. It has a unique, up to a phase, invariant vector 0, € Tio, corresponding to 
the vacuum state. The representation Uq implements automorphisms under which 
the net O ^ Ao{0) is covariant: 

AdC/o(a;) Ao{0) = Ao{x + O) (1) 

for all X € W^. (By KdU we denote the adjoint action of a unitary U .) 

Borchers' theorem, which we wish to generalize to charged sectors, asserts that 
the representation Uq has specific commutation relations with certain algebraic ob- 
jects, the so-called modular group and conjugation, which suggest a geometric inter- 
pretation of the latter. Let us recall Borchers' commutation relations in this setting. 
Let W\ be the wedge defined as 

VFi := {x G M°' : < } . (2) 

By the Reeh-Schlieder property, Vl is cyclic and separating for the von Neumann 
algebra >lo(Vl^i) generated by all ^o(C)) O C Wi. This allows for the definition 
of the Tomita operator [8], 5o, associated to ^o(l^i): It is the closed anti-linear 
involution satisfying 

So AQ = A*Q, A G Ao{Wi) . (3) 
1/2 

Its polar decomposition, 5*0 = Jo Aq , defines an anti- unitary involution Jq, the so- 
called modular conjugation, and a positive operator Aq giving rise to the so-called 
modular unitary group Aq associated to the wedge Wi. By Tomita's Theorem, see 
e.g. [8], the adjoint action of Ag leaves ^o(^i) invariant, and the adjoint action of 
Jo maps ^o(M^i) onto its commutant Ao{Wi)' . The mentioned theorem of Borchers 
now asserts that Aq and Jo, together with the representation Uq of the translations, 
induce a representation of the subgroup of P4. generated by the boosts and the 
reflection j associated to the wedge, and the translations. More precisely, let At be 
the (rescaled) 1-boosts, leaving Wi invariant and acting on the coordinates x^^x^ as 

/ cosh(27rt) sinh(— 27rt) \ , - 

\^ sinh(-27rt) cosh(27rt) y ' ^ ^ 

^By spectrum of a representation of the translation group we mean the energy- momentum spec- 
trum, namely the joint spectrum of the generators. 
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and let j be the reflection about the edge of Wi, acting on the coordinates x ,x 
as —1 and leaving the other coordinates unchanged (if d > 2). Then Borchers' 
theorem asserts that 

A^Uo{x)A^'' = Uo{Xtx), (5) 
JoUo{x)Jo = Uo{jx) (6) 

for all t G M and x E M*^. These relations implement the group relations of the 
translations with the boosts and reflections, respectively. Modular theory further 
implies that Jq is an involution and commutes with the modular unitary group, 
implementing the group relations = 1 and jXtj~^ = At. Altogether, Uo{x), Ag 
and Jo constitute a representation of the subgroup of the Poincare group generated 
by the translations, the boosts and the reflection j (which is the direct product 
of the proper Poincare group in the time- like x^-x^ plane and the translation group 
in the remaining d — 2 dimensions). 

Our aim is to flnd a similar result in a charged sector, that is in a representation 
of the abstract C*-algebra generated by the local algebras Ao{0), which is inequiv- 
alent from the deflning vacuum representation. We shall consider an irreducible 
representation tt, which is localizable in space-like cones. That means that n and 
the vacuum representation are unitarily equivalent in restriction to the observable 
algebra associated with the causal complement of any space-like coneH We assume 
that the observable algebra satisfles Haag duality for space-like cones and wedges, 
i.e., regions which arise by a proper Poincare transformation from Wi. Namely, 
denoting by IC the class of space-like cones, their causal complements, and wedges, 
we require 

AoiC) = AoiCy, C£)C. (7) 

A localizable representation can then be described by an endomorphism of the so- 
called universal algebra A generated by isomorphic images A{C) of the Ao{C), 
C G /C, see [18, 19,21]. The family of isomorphisms A{C) = Ao{C) extends to a 
representation ttq of A, the vacuum representation. We then have 

Ao{C) = TToAiC), (8) 

and the vacuum representation is faithfuEl and normal on the locaU algebras A{C). 
The adjoint action ([1]) of the translations on the local algebras lifts to a representa- 
tion by automorphisms Ox- 

Ad[/o(x) o TTo = TTo o a^., (9) 
axA{C) = A{x + C). (10) 

Our localizable representation vr is then equivalent [12, 18] with a representation of 
the form ttq o p acting in J-Cq, where p is an endomorphism of A localized in some 

^It is known that every purely massive representation is localizable in space-like cones [10]. 
^However, ttq is in general not faithful on the global algebra A due to the existence of global 
intertwiners [19]. 

^We call the algebras .4(C) "local" although the regions C extend to infinity in some direction, 
just in distinction from the "global" algebra A. 
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specific space-time region Co G /C in the sense that 

p{A) = A if AG A{Cl)). (11) 

We shall take the localization region of p to be properly contained in Wi, which 
implies by Haag duality ([7|) that p restricts to an endomorphism of ^(Wi). We 
shall require that this endomorphism of ^(Wi) be irreducible, namely that 

^0^(1^1) n {nopAiWi))' = CI . (12) 

This is a slightly stronger requirement than irreducibility of the representation nop 
of A. It has been shown by Guido and Longo that irreducibility of ttqp, together 
with finite statistics, imply irreducibility in the sense of Eq. (\12\] if p is covariant 
under the (proper orthochronous) Poincare group [22, Cor. 2.10] E 

or if p satisfies 

the split property [21, Prop. 6.3]. We further assume the representation vr = ttqp 
to be translation covariant with positive energy. That means that there is a unitary 
representation Up of the translation group M'^ with spectrum contained in the forward 
light cone such that 

AdUp{x)oTTop = TTopoax, xgW^. (13) 

We finally assume that p has finite statistics, i.e. that the so-called statistics parame- 
ter Xp [12] be non-zero. This holds automatically if p is massive [16], and implies [13] 
the existence of a conjugate morphism p characterized, up to equivalence, by the 
fact that the composite sector nopp contains the vacuum representation ttq precisely 
once. Thus there is a unique, up to a factor, intertwiner Rp € A{Co) satisfying 
pp{A)Rp = RpA for all A G A. The conjugate p shares with p the properties of 
covariance (I13p . finite statistics, and localization (llip in some space-like cone which 
we choose to be Cq. Using the normalization convention of [13, Eq. (3.14)], namely 
R*pRp = |Ap|~^l , the positive linear endomorphism (j)p of A defined as 

MA) = \K\ KKmp (14) 

is the unique left inverse [10, 13] of p. In the low-dimensional situation, d = 2,3, the 
statistics parameter Xp may be a complex non-real number, corresponding to braid 
group statistics. We admit the case when its modulus is different from one (namely 
when p is not surjective), corresponding to non-Abelian braid group statistics. 

The modular objects for which we shall prove Borchers' commutation relations 
are defined as follows. Let Sp be the closed anti-linear operator satisfying 

SpTro{A)n:=TTop{A*)Rpn, AeA{Wi), (15) 

1/2 

and denote the polar decomposition of Sp by Sp = JpAp . Sp is just the rela- 
tive Tomita operator [34] with respect to a certain pair of (non-normalized) states. 
Namely, consider the vacuum state ujq := ( 7ro(-)r2 ), and the positive functional 

ipp := \Xp\~^ Wo o 0p = {RpO,,7rop{-)RpO,). 

^Although not explicitly mentioned in [22], the proof does not depend on covariance of p under 
the full Moebius group. See also [27, Thm. 2.2]. 
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The restriction of (pp to ^(VFi) is faithful and normal, and has the GNS-triple 
{Ji-Q, TTop, Rpil). Thus, Sp is the relative Tomita operator associated with the algebra 
^(Wi) and the pair of states cuq and ipp, see Appendix[Al The motivation to consider 
these objects (instead of the modular objects associated with ^(W^i) and one suitable 
state, e.g. ipp) is that the so-defined relative modular unitary group A^* implements 
the modular automorphism group associated with and too in the same way as 

the representation Up{x) implements the translations a^, see Eq. (j26p below. This 
opens up the possibility to lift Borchers' commutation relations ([5]) in the vacuum 
representation to the representation vrop. In fact, pursuing this strategy, we shall 
find the following result. Let G be the subgroup of the proper Poincare group 
generated by the translations, the boosts and the reflection j. Recalling that 
the representation Up may be shifted to a representation e^^'^Up{x) whose spectrum 
has a Lorentz invariant lower boundary [6]|j we show under the above-mentioned 
assumptions: 

Theorem 1 (Commutation Relations.) Assume that the lower boundary of the 
spectrum of Up is Lorentz-invariant. Then Up{x), A**, Jp and the counterparts for p 
constitute a continuous (anti-) unitary representatior^ of G. More specifically, there 
hold the commutation relations 

Up{\tx), (16) 
Upijx), (17) 
A^^, (18) 

Xpi , (19) 

for all t G and x £ W^. The complex number Xp in Eq. ()19p has modulus one, 
conjugate xp = Xp <^f^d is a root of unity if p = p. 

(Note that Eq. (fTSj) corresponds to a standard property of modular objects, but 
needs to be proved for our relative modular objects.) 

We also show that this representation of G acts geometrically correctly on the 
wedge algebras, namely for W in the family Wi of translates of Wi and W{, 

Wi := {x + Wi,xe M"'} U{x + W{, x G R'^}, 

there holds 

AdA;,* : TTopA{W) ^ 7TopA{XtW), (20) 
AdJp : TTopA{W) ^ TTopAijW). (21) 

To this end, observe that modular theory [8] and the relation 7rQ^{Ao{Wiy) = A{W[) 
imply that Ag and Jq implement an automorphism at of ^(VFi) and ^(VF{), and 

^This is automatically the case if p is localizable in double cones and d > 2 by a result of 
Borchers [2], which is applicable since in this case p is implemented by local charged field opera- 
tors [14]. It is also the case of course if Up extends to the Poincare group. 

* Strictly speaking, a ray representation since JpJp is only a multiple of unity. 



a;,*^,(x)a-* = 

JpUp{x)J-' = 

J A.it J-1 _ 
•Jp '-^p -J p — 



7 



an anti-isomorphism from ^(VFi) onto ^(VF^') and vice versa, respectively, defined 

by 

AdAf} o vro = vro o fit (22) 
Ad Jo o ttq = ttq o aj (23) 

on ^(VFi) U^(Ty{). By Borchers' commutation relations, the same equations extend 
at and aj to the family ^(1^), W € Wi, acting in a geometrically correct way: 

at : A{W) ^ A{XtW), (24) 
aj : A{W) ^ A{jW), (25) 

W G Wi, see [3, Lem. III. 2]. But our representers and Jp implement these 
isomorphisms at and aj, respectively, in the direct product representation 7rop©7rop, 
namely: 

Proposition 1 (Implementation Properties.) There holds 

AdA^ o ttqp = ttqp o at (26) 
AdJp o vTop = itqp o Uj (27) 
on the family of algebras A{W), W G Wi. 

Since at and a,,- act geometrically correctly, c.f. Eq.s (j24p and (j25|) . this implies that 
A^* and Jp act geometrically correctly, as claimed in Eq.s (j20p and (|2ip . 

In two space-time dimensions, our group G already coincides with the proper 
Poincare group and our results therefore imply that the translations and the 
relative modular objects constitute an (anti-) unitary representation of the latter. 
By our assumption of Haag duality ([7]) for wedges, the so-called dual net 

A'^iO) := fl A{W) 

is still local. (One needs to intersect in fact only the algebras of one "right wedge" 
of the form Wi + x and one "left wedge" of the form W[ + y.) The modular (anti-) 
automorphisms at and aj act on it in a geometrically correct way, see [3, Prop. III. 3]. 
If the original net satisfies Haag duality also for double cones, it coincides with the 
dual net. Then the implementation properties (I26p and ()27|) hold, and therefore the 
representation of P+ constructed in Theorem [1] acts geometrically correctly, namely 
there holds for any double cone O: 

AdUp{g) : ^oM(O) ^ ^opA{g O), <? G Pj, 

AdJp : 7roM(0) ^ vroM(j O). (28) 

Here we have written Up{a,Xt) := Up{a)Ap. In particular, Jp is a CPT operator|£| 
Again, it must be noted that these results (in d = 2) are already implicit in the 
work of Guido and Longo [21], and also that the split property would exclude any 
charged sectors in our sense. 

^If the net does not satisfy Haag duality for double cones, it does not coincide with the dual net. 
Then our endomorphism p has two generally distinct extensions to the dual net, according a 

choice of the right or left wedge [32]. (Each of them is localizable only in one type of wedges.) In 
this case, Jp intertwines nopR with -KopLCij, and in Eq. (|28|) there appears pjj on one side and pL 
on the other side. 
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2 Proofs 

We now prove Theorem [T] and Proposition [TJ Instead of proving Borchers' commuta- 
tion relations directly (e.g. paralleling Florig's nice proof [15]), we show how they lift 
from the vacuum sector to our charged sector. We shall use some well-known facts 
about relative modular objects, which we recall in the Appendix for the convenience 
of the reader, see also [34] for a review. Namely, the operator A^*Aq** is in ttoA{Wi) 
for t G M, and we define 

Z,(t):=7roi(A;,*A-*) e AiW^). (29) 

This family of observables coincides with the Connes cocycle {Dipp : DujQ)t with 
respect to the pair of weights and ipp, see Eq. ()A.2p . In the present context, it 
satisfies 

AdZp(t) oatop = poat on A{Wi), (30) 

see Proposition 1.1 in [26]. The definition (I29p and Eq. ()30l) are analogous to well- 
known properties of the translation cocycles which we shall use in the sequel. Ob- 
serve that for a G W^, the closure of Wi, we have Wi + a C W\ and W[ — ad W[. 
Since p acts trivially on this implies that the operator Up{a)Uo{—a) is in 
-KoAiWl)' which coincides with 7ro^(W^i) by Haag duality. This gives rise to the 
translation cocycle 

Yp{a) := ^Q-i {Up{a)Uo{-a)) G A{Wi), a G . (31) 

By virtue of Eq.s ([9j) and (I13p . it satisfies the intertwiner relation 

AAYp{x) o o p = p o a^, j; G M"'. (32) 

The definitions of the cocycles Zp{t) and Yp{x)^ the intertwiner relations (j30p and 
(I32p . and invariance of 17 under Ag and Uq{x) imply the identities 

^''pno{A)n = TTQ{Zp{t)at{A))^, AeA{Wi), (33) 
Up{x)TiQ{A)n = TiQ(Yp{x)a^{A))n, A e A, (34) 

which we shall frequently use in the sequel. We shall also use the fact that Borchers' 
theorem applied to the observable algebra implies that 

(^tax-tx<^-t = (35) 

holds as an isomorphism from ^(VF) onto ^(Vl^ + x), re G W^, W G Wi. Finally, we 
make the interesting observation that Sp is the relative Tomita operator associated 
not only with the pair of states (wQ) '■Pp)-, but also with pair of states ((/7p, loq): 

Lemma 1 The span, D, of vectors of the form TiQ[p{A)Rp\^, A G ^(W^i), is a core 
for the relative Tomita operator Sp, and Sp acts on D as 

Sp 7rop{A)R-pQ = xp vro(A*)17, A G ^(T^i), (36) 

where xp is a complex number of modulus one, with xp = Xp; ^^'^ ^ '^oot of unity 
ifp = P- 
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Proof. Eq.s ([301), ([33]) and dH]) imply that for A G A{Wi) there holds 

a;,* 7ro[piA)Rp]n = TTo[pat{AZp{-t))Rpp. 
Thus, the domain D is invariant under the unitary group A^* . It is therefore a core 

1/2 

for Ap and hence for Sp. On this core, we have by definition 

Sp 7ro[p{A)Rp]n = 7To[p{R},)RpA*]^- 

But p[R*p)Rp is a self-intertwiner of p, hence a multiple of unity, Xpl • This proves 
Eq. For the stated properties of Xp, see [19, Eq. (3.2)]. □ 

Since {T-Lq^ttqp, RpVt) is the GNS triple for the (non-normalized) state and xp^ 
is a GNS vector for loq, the Lemma implies that Sp is the relative Tomita operator 
associated with the pair of states {ipp^uoQ). 

Proof of Theorem [B To prove Eq. ([16]) of Theorem [H let ^ G A{Wi) and 
a G VFf . Using Eq.s ([33]), ([Ml) and ([35]), we then have 

App{\-ta)A-''MA)^ = MYp{a,t)aa{A))^, (37) 
yp(a,i) := Zp{t)at{Yp{\^ta)ax^,a{Zp{-t)). 

The intertwiner relations (j30p and (j32p imply that on ^(Wi) there holds 

Ady'p(a, t) o o = AdZp{t) o at o Adyp(A_ja) o aA_ta ° AdZp(— t) o fj-f o p 
= poato ax_ta oa-t = p° aa- 

That is, Yp{a,t) satisfies the same intertwiner relation (j32p on ^(Wi) as Yp{a). On 
the other hand, Yp{a,t) is also contained in ^(l^i). Therefore Yp{a,t)Yp{a)* is in 
{pA(Wi)y n ^(W^i) which is trivial by our assumption ([T2|) of irreducibility. Thus 
Yp{a,t) coincides with Yp{a) up to a scalar function c{a,t). Hence Eq. (137]) reads 

/^^Up{X.ta)A-''7ro{A)Q = c{a,t) 7ro{Yp{a)aa{A))n 

= c{a,t) Up{a)TTo{A)Q. 

Since the vacuum is cyclic for 7ro^(W^i) by the Reeh-Schlieder property, this shows 
that 

App{X_ta)A;'' = c(a, t) Up{a) (38) 

for a G W^. By adjoining, we get an analogous equation for —a G W^. Since the 
closures of Wi and —Wi span the whole Minkowski space, this shows that there is 
a function c(a, t) such that Eq. (|38p holds for all a G M'^. It remains to show that 
c{a,t) = 1. Eq. (j38]) gives us a ray representation of the group G generated by the 
boosts At and the translations in the 0, 1-plane, defined by 

U{a,Xt):=Up{a)A'^. 
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(The group G is a subgroup of P| in d = 3 and coincides with P| in d = 2. The 
product in G is (a, \t) ■ {a', A^/) = (a + Xta', Xt+t')-) Now G is simply connected, and 
its second cohomology group is known to be trivial. Therefore there exists a function 
v from G into the unit circle such that U{g) := i^{g) U{g) is a true representation of 
G. Eq. (p8|) then implies that 

c{a,t) = v{a,l)v{\-ta,l)-^. (39) 

Since Up is a true representation of the translations, the restriction of u to the 
translations is a one-dimensional representation, that is of the form v{a, 1 ) = e^^'"". 
Therefore, the spectra of the representations U = v®U and U differ by a translation 
about a vector k. But the spectrum of U is invariant under the 1-boosts since U 
extends to a true representation of the (2-dimensional) Poincare group G, and the 
lower boundary of the spectrum of U is also Lorentz invariant since it coincides with 
the spectrum of Up. This implies that A: = and hence, by Eq. ([39]) . that c(a, t) = 1. 
This completes the proof of Eq. (I16p of the Theorem. 

We now prove Eq. of the Theorem. For A G ^(VFi), we have by Eq. ([33]) 
and the intertwiner relation (I30p 

^'^pSp/\-p''T:Q{A)n = ^o{-p{A*)Zp{t)at[-p{Zp{-ty)Rp]) Q. (40) 

We shall now use a result of Longo [26]. Namely, we are in the situation where 
Propositions 1.3 and 1.4 in [26] apply, yielding 

R;p{Zpi-t))Zpi-t)=a.t{R;). 

Applying at, adjoining, and using the cocycle identity Zp(t)at{Zp{—t)) = 1, see 
Eq. fOl . yields 

Zp{t)at[p{Zpi-tr)Rp]=Rp. (41) 

Hence Eq. ([iO]) reads 

AppA;''TroiA)n = 7ro{p{A*)Rp) n = Sp7To{A)n. 
Since maps the core 'iroA{Wi)^l of Sp onto itself by Eq. ([33]) . this shows that 

A it c A -it _ c 
'^p '^P '^p — '-'P' 

which implies Eq. (|18p of the Theorem. For the proof of Eq. (|17p we need the 
following Lemma. 

Lemma 2 For a in the closure of Wi , there holds 

Up{a)-' SpUp{a) C Sp. (42) 

Proof. First recall from [10,16] that the representation Up defined by 



Upix)7ro[p{A)Rp]n := 7ro[pia,iA)Ypixy)Rp]n 



(43) 
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implements in the representation vrop, i.e. Ad?7p(x) o tto/j = ttq/) o The 
representation IJ ^ therefore coincides with Up up to a one-dimensional representation 
c(-). We now have, for a in the closure of W\ and A G ^(VFi — a), 

5pt/p(a) 7ro(^)0 = 7ro[p(aa(^*)yp(a)*)i?p]l7 = ?7p(a) 7ro[p(^*)i?p]f7 
= ?7p(a)5p7ro(A)0. 

Since ?7p and f/p coincide up to the character c as discussed above, we therefore have 
C/p(-a) Sp Up{a) = c{a) Sp on D := Ao{Wi - a)n. 

Applying A^* • A^** to this equation and using the by now established Eq.s and 

(fTH]) of the Theorem, yields c(Ato) = c(a) or c((l — Xt)a) = 1. By the representation 
property of c, the same holds for —a £ W^. Since and —W^ span the whole 
Minkowski space and 1 — Af is invertible for t ^ 0, this shows that c is trivial. Since 
-D is a core for the left hand side of relation ()42p , this completes the proof. □ 

We are now ready to prove Eq. (I17p of the Theorem. To this end, let a £ and 
(/)£ D := Ao{Wi - a)n. By Eq ([ISD, we have for alH G M 

A^^Upia)^ = UpiXta)A'^cp. (44) 

1 /2 

Now by Lemma[2l the vector Up{a) (f) is in the domain of the operator Ap , hence the 
left hand side is bounded for t in the strip M — i[0, 1/2] and analytic in its interior. 
The same holds for the vector valued function t ^ A^* (/> on the right hand side. 
Further, for a G the operator valued function t ^ Up{\ta) is norm-bounded on 
the strip R — i[0,l/2] and analytic in its interior, and at i = —i/2 has the value 
Up{ja), see e.g. [24, Section V.4.1]. Therefore, Eq. (|44]) implies that 

Ay2 Up{a) (p = Up{ja) A^^ 

Multiplying with Jp and using relation ()42|) of Lemma [2] yields 

U-p{a) Spcl) = JpUp{ja)J;^ Sp 0. (45) 

Since Sp has dense range, this shows Eq. (fT7|) for x = ja in the closure of jWi 
and, by adjoining, also for arbitrary x. This completes the proof of Eq. (fTTj) of the 
Theorem. To prove Eq. (fT9]) . note that Lemma [T] implies that Sp = xpSp^- Using 

]^/2 1 1 1/2 

that lS.p ' Jp = Jp Ap by Eq. ([TS]) and that Jp is anti-hnear, one gets Eq. (fT9]) . 
This completes the proof of the Theorem. 

^"We recall the argument in the present setting. The endomorphism a-x o (pp o (3^, where := 
AdYp{x) oax, is a left inverse of p and therefore coincides with by uniqueness. This implies that 
the state tpp is invariant under the automorphism group (3^ and hence that 

Upp{x)TTo[p{A)Rp]n ■- Tvo[pf34A)Rp]n 

defines a unitary representation of the translations. But Up{x) defined above coincides with 
■Kop{Yp{x)'')Upp{x), hence is a well-defined unitary operator. The implementation property is 
checked directly from the definition (|43p. and implies in turn the representation property. 
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Proof of Proposition [H We now turn to Eq. ([26l) of Proposition [TJ On ^(M^i), 
this equation follows from Eq. ([SUjl by applying ttq to the latter. Further, the 
fact that ttq^ {A''p Aq"^^) is in ^(W^i) and hence commutes with implies that 

AdA^* o ttq = ttq o at on ^(W^{). Since p acts as the identity on A{W{), this im- 
plies Eq. ([26]) on For translates of Wi or W{, the equation follows from 
Borchers' commutation relations, Eq.s (jlGh and (I35p . Before proving Eq. (I27p of the 
proposition, we establish the following intertwiner properties of the relative modular 
conjugation. 

Lemma 3 (Intertwiner Properties of Jp.) The unitary operators JpJo and 
JoJp have the intertwiner properties 

TTop{A) JpJo = JpJo TTo{A), (46) 

7ro(A) JoJp = JoJp TTop{A) (47) 

forAe A{Wi). 

Proof. These are consequences of a standard result [34] which relates the conjuga- 
tions of relative Tomita operators, see Eq. (jA.SP in the Appendix. Here, in Eq. (jl6]) 
Sp is being considered as the relative Tomita operator associated with the pair of 
states {ujQjipp), characterized by Eq. p^. and in Eq. as the relative Tomita 
operator associated with the pair ((^p,u;o), characterized by Eq. (136]) of Lemma [H 

□ 

We are now ready to prove Eq. ()27p of Proposition [TJ By Eq.s (j47p and Eq. (|23p 
we have on ^(T^i) 

Ad Jp o ttqp = Ad Jo o Ad( Jo Jp) o ttqp = ttq o aj = ttqp o aj, 

since p acts as the identity on ajA{Wi) = A{W{), while by Eq. (|16]) and Eq. (j23]) 
we have on ^(M^{) 

Ad Jp o ttqp = Ad Jp o vTo = Ad(JpJo) o Ad Jo o vro = nop o aj. 

This shows that Eq. (I27p holds on ^(W^i) U^(W{). Borchers' commutation relations 
then imply that it holds on ^(M^), W G Wi, completing the proof of Proposition [TJ 

A Relative Tomita Operators 

We recall the relevant notions from relative Tomita theory, following [34]. (For the 
standard Tomita theory, see e.g. [8] and Eq. ([3|) above.) Let M. he a von Neumann 
algebra and cpi, ip2 two faithful normal positive functionals on A4, and denote by 
and (Tj the respective modular automorphism groups. Then there exists a family of 
unitaries Z2i{t) G M satisfying the intertwiner and cocycle properties 



al{A)Z2i{t) = Z2i{t)al{A), 
Z2i{t + s) = Z2i{t)a]{Z2i{s)), 



(A.l) 
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respectively, and characterized by a certain KMS property. These facts have been 
shown by Connes [11] and are reviewed in [34, Sect. 1.3.1]. The family Z2i{t) is 
called the Connes-cocycle associated with the pair cpi and (p2 and usually denoted 
by {Difi : Dip2)t- This cocycle may be expressed in terms of the corresponding GNS 
representations as follows [34, Sect. 1.3.11]. Let {Hi^iTi^^i) be the GNS triples of (pi, 
i = 1,2. Then the operator S21 from Hi to H2 defined by 

52i7ri(^)6 :=vr2(A*)e2, A € M, 

is closable. We denote its closure by the same symbol, and its polar decomposition 
by 

S21 = J21 ^21^ ■ 

These operators are called the relative Tomita modular objects associated with the 
pair ifi and (p2. Let now A^^* denote the unitary modular group of 7ri(Al) and 
^1. Then is in ni{M.) and coincides with 7ri(Z2i(t)), i.e. there holds [34, 

Sect. L3.11] 

Z2i(t)=7rrHAfiAr*). (A.2) 
Finally, as shown in [34, Sect. L3.16], the unitary operator 

V21 := J21 Ji = J2 J21, 

where Ji is the modular conjugation of TVi^M) and ^i, i = 1,2, is an intertwiner from 
TTi to 7r2, that means it satisfies 

MA) V21 = V21 TTiiA), AeM. (A.3) 
Acknowledgements. I gratefully acknowledge financial support by FAPEMIG. 
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